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ABSTRACT 

We  give  conditions  for  the  function  q(x)  which  guarantee  uniqueness 

of  solutions  to  -Au(x)  + AqU(x)  - q(x)u(x)  = f,  where  ^ 0 is  a 

1 2 

constant.  We  consider  separately  the  cases  for  solutions  in  H and  L . 

In  fact  we  even  prove  existence  of  H^  solutions  under  the  additional 

2 

assumptions  q(x)  ^ 0 and  f e L . We  apply  our  results  to  the  problem  of 

essential  selfad jointness  for  a class  of  Schrodinger  operators  and  we  are 

able  to  prove  an  interesting  generalization  of  a result  due  to  Kato. 

2 

Gaveau  has  proved  a result  similar  to  ours  on  L uniqueness.  His 
proof,  however,  depends  on  a probabilistic  argument,  while  in  contrast  we 
do  not  use  any  probability  theory  in  our  proofs. 
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SIGNIFICANCE  AND  EXPLANATION 


Thfj  Schrodinqer  wave  equation  is  of  fundamental  importanre  in  quantum 

mechanics.  In  the  early  1930' s von  Neumann  made  use  of  the  theory  of  self- 

adjoint  operators  on  a Hilbert  space  to  place  quantum  mechanics  on  a firm 

mathematical  foundation.  Thus  it  is  important  to  know  under  what  conditions 

a Schrodinqer  operator  with  sinqular  potential  is  selfadjoint  on  a Hilbert 

2 

space.  The  obvious  Hilbert  space  is  L , the  space  of  square-integrable 
functions. 

We  consider  Schrodinqer  operators  of  the  form 

with  a singular  potential  q(x).  The  operator  T + q is  difficult  to 

2 2 

interpret  as  an  operator  on  L since  L functions  are  not  necessarily 
differentiable.  This  difficulty  is  circumvented  by  the  following  device: 
define 

2 

(T  + q) (u)  = w for  u,w  e L 

00 

if  there  is  a sequence  of  infinitely  differentiable  functions  (J)^  e C^ 

2 2 

such  that  ij)^  -*■  u in  L and  (T  + q)  ((/>^)  ->■  w in  L . The  problem  now 

is  that  T + q njay  not  be  well  defined.  If  it  is  then  we  say  T + q is 

essentially  selfadjoint  and  T + q is  a selfadjoint  operator  on  the  Hilbert 
2 

space  L . Our  paper  generalizes  results  of  T.  Kato  on  conditions  which 
guarantee  T + q is  essentially  selfadjoint. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
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Using  the  definition  of  u and  rearranging  (1.23)  we  get 


When  we  say  (1.2)  holds  for  q we  mean  (1.2)  holds  for 


proof  of  Theorem  2.2  to  the  case  just  handled.  For  the  rest  of 


(where  b . (x) , j ■ are  real  valued  continuously 


differentiable)  then  Let  T » tI  i.e.  the  restriction  of  T to  • C_.  It  is 


'This  argument  was  suggested  by  H.  Bresis. 


They.rea  3.1.  Let  . be  tne  operator  defined  on  D.  If  (3-2)  Lemna  3.2.  Assume  (3.5)  holds  for  q (x)  . Then  there  exists 


(For  convenience  we  assume  n ^ 3 in  what  follows 


assume  without  loss  of  generality  that  Ir  > R (where 


Denote  the  integral  above  by  I.:  we 


is  now  obvious  that  the  integral  above  is  bounded  independent 


and  using  this  in  (3.18)  gives  us  (since  ||  * || 
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